
LITERATURE CITED 

Duffy, G. J., and I. A. Furzer, “Mass Transfer on a Single 
Sieve Plate Column Operated with Periodic Cycling,” AZChE 
I., 24,588 (1973). 

Furzer, I. A., and G. J. Duffy, “Generalized Theory of Periodi- 
cally Operated Plate Columns:” Joint Symposium on Distil- 
lation, University of Sydney/Uaiversity of N.S.W., Australia 
(May, 1974). 

, “Periodic Cycling of Plate Columns: Discrete 
Residence Time Distribution,” AIChE J., 22, No. 6, 1118 
( 1976). 

, “Microprocessor System for Plate Column Con- 
trol,” IEEE. IECI, 25, No. 2, 145 (1978). 

Gerster, J. A., and XI. M. Scull, “Performance of Tray Col- 
umns Operated in the Cycling Mode,” AZChE J . ,  16, 108 
(1970). 

Hausen, H., “Zur Definition des Austauschgrades von Rek- 
tifzierboden,” Chemie-lngr-Tech., 25, 595 ( 1953 ). 

Holland, C. D., Multicomponent Distillation, Prentice-Hall, 
Englewood Cliffs, N.J. (1963). 

Horn, F. J. M., and R. A. May, “Effect of Mixing on Periodic 
Countercurrent Processes,” h d .  Eng. Chem. Fundamentals, 

1,349 (1968). 
Krishna, R., “A Film Model Analysis of Non-equimolar Dis- 

tillation of Multicomponent Mixtures,” Chem. Eng. Sci., 32, 
1197 (1977). 

, and C. L. Standard, “A Multicomponent Film Model 
Incorporating a General Matrix Method of Solution to the 
Maxwell-Stefan Equations,” AIChE J., 22, 383 (1976). 

Murphree, E. V., “Rectifying Column Calculations,” Ind. Eng. 
Chem., 17,747 (1925). 

Sargent, R. W. H., and B. A. Murtagh, “The Design of Plate 
Distillation Columns for Multicomponent Mixtures,” Trans. 
Inst. Chem. Engrs., 47, T85 (1969). 

Schrodt, V. N., 1. T. Sommerfeld, 0. R. Martin, P. E. Parisot, 
and H. H. Chien, “Plant-scale Study of Controlled Cyclic 
Distillation,” Chem. Eng. Sci., 22, 759 ( 1967). 

Standardt, G., “Studies in Distillation-V. Generalized Defini- 
tion of a Theoretical Plate or Stage of Contacting Equip- 
ment,” ibid., 20, 61 1 ( 1965 ). 

, “Comparison of Murphree-type Efficiencies with 
Vaporisation Efficiencies,” ibid., 26, 985 ( 1971 ). 

Manuscript received June 9, 1978; recision received Januav 24, and 
accepted February 6, 1979. 

Maintaining Sparsity In 
Process Design Calculations 
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Sparse linear systems in bordered block-triangular form can be eE- 
ciently solved by block-triangular splitting, a new technique that provides 
a drastic reduction in the fill-in (loss of sparsity) that occurs in the direct 
solution of such systems. This technique is applicable in the iterative solu- 
tion of the large systems of nonlinear equations that arise in the equation 
oriented approach to process simulation and design calculations. 

SCOPE 

In most programs for computer aided chemical process 
design, the computational work is organized into modules, 
each of which performs the computations for one sort of 
unit operation. In  such programs, the computational 
modules are usually simulation oriented; that is, given 
the variables describing the input streams and the equip- 
ment, they calculate the variables describing the output 
streams. However, if a design problem is to be solved, 
it may be necessary to calculate an input variable or 
equipment parameter given an output variable. Design 
oriented modules can be provided, but because of the 
large number of possible design problems, an inordinately 
large number of such modules would have to be provided. 
In practice, a few design oriented modules are typically 
provided to handle the most common design problems. In 
other cases, the design problem must be solved by an 
iterative or controlled simulation, in which the process is 
repeatedly simulated until the desired values for the de- 
sign variables are obtained. While this is reasonably effec- 
tive for small processes of average complexity, it is much 
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less so when applied to the design of the large, complex 
processes commonly found today. 

In  principle, this difficulty can be resolved by eliminating 
the computational modules and performing all computa- 
tions simultaneously. The potential advantages of this global 
(or equation oriented) approach to the design problem are 
well recognized, but acceptance of this approach has been 
slow, primarily because of the difficulties involved in solv- 
ing extremely large sets of nonlinear equations simultane- 
ously. For solving such systems, Newton-Raphson or re- 
lated techniques are typically most effective. These tech- 
niques require the periodic solution of a set of linear equa- 
tions, which in this case will be extremely large and sparse. 
In  solving large, sparse linear systems, a major difficulty is 
the loss of sparsity that occurs when the conventional 
elimination techniques are used. This fill-in may lead to 
excessive storage requirements and unacceptably long com- 
putational times. Thus, the acceptance of the global ap- 
proach to computer aided chemical process design de- 
pends to a great extent on the development of efficient 
techniques for maintaining sparsity. The work described 
here is directed largely at the development and applica- 
tion of such techniques. 
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CONCLUSIONS AND SIGNIFICANCE 

Large sparse linear equation systems, such as those that 
typically arise in the equation oriented approach to chem- 
ical process design calculations, can be solved by a new 
technique called b!ock-triangular splitting. This technique 
involves splitting the coefficient matrix into the sum of a 
block-triangular matrix and one or more matrices of low 
rank. Solution by block-triangular splitting is computa- 

tionally efficient and provides a drastic reduction in fill-in 
compared to solution by other techniques. For instance, in 
an example derived from the design of a triple-effect evap- 
orator, a nearly 90% reduction in fill-in can be obtained 
by using the new technique. I t  is hoped that the develop- 
ment of this technique will facilitate the application of 
the global approach to process simulation and design. 

BACKGROUND 

Consider the problem of solving the linear system 
Ax = b, where A = [aij] is an n x n nonsingular matrix, 
x is an n dimensional vector of unknowns, and b is an n 
dimensional constant vector. The usual solution pro- 
cedure involves the factorization A = LU, where L = 
[ l i j ]  is lower triangular and U = [uij] is upper triangular. 
In these terms, the inverse can be represented as A-1 = 
U-'L-1. This form is computationally convenient, since 
the inverse of an n x n triangular matrix can be factored 
into a product of n triangular matrices that differ from 
the identity matrix in only one column. That is, L-l = 
LnLQ-1 . . .  L1 and u-' = U l u ~  . . .  u,, where L k  = 
1, -k (ek - Ik)ejcT/b,k and UI, = I ,  -k ( e k  - Uk)ekT/ 
Ukk. Here, II,, uk, and el, are vectors identical to the kth 
columns of L, U ,  and In ,  respectively. This is commonly 
known as the elimination form of the inverse (EFI) .  

The elements of L and U are usually found using 
Gaussian elimination or some variation thereof. If conven- 

tional Gaussian elimination is used, Zij = aij i, 
uij = aij for i < /, and uii = 1, where A C k )  = [aij ] 
is the n x n matrix remaining after the ( k  - l)eh step of 
the elimination [A = A")] .  

During Gaussian elimination, it is usually necessary to 
perform pivoting, that is, to reorder the rows and/or col- 
umns of A in order to place desirable elements in the pivot 

positions aii , i = 1, . . ., n. This may be done to maintain 
numerical stability or, as discussed below, to maintain 
sparsity, though these may be mutually exclusive aims. 
Thus, the factorii-ation obtained is actually PAQ = LU, 
where P and Q are the appropriate row and column 
permutation matrices. For simplicity, P and Q will subse- 
quently be omitted. 

If A is large and sparse, the number of nontrivial non- 
zeros in L and U may greatly exceed the number of non- 
zeros in A. This loss of sparsity, or fill-in, may lead to 
excessive storage requirements and unacceptably long 
computational times. For this reason, iterative methods 
have been widely used when dealing with large sparse 
systems. Such methods are very effective in many cases, 
but in other cases, convergence is slow if there is con- 
vergence at all within a reasonable time. Moreover, selec- 
tion of an efficient iteration technique is not always 
straightforward, nor is the selection of other factors such 
as acceleration parameters and closure tolerances. Thus, 
expensive and time consuming experimentation may be 
necessary to select an effective solution procedure. 

In recent years, much progress has been made toward 
reducing the fill-in associated with the direct solution 
methods. Much of this work has been reviewed in a 

(j) for i 
( i t  1 )  (k) 

( i) 

monograph by Tewarson (1973) and in a recent survey 
by Duff (1977). These techniques can be divided into 
two general categories: those that involve pivoting and 
those that reorder A prior to elimination into forms for 
which fill-in can be limited to certain areas of the matrix. 
The pivotins techniques can be subdivided into local 
strategies, in which both columns and rows are reordered 
during elimination, and a priori strategies, in which col- 
umns are reordered before elimination and rows during 
elimination or vice versa. 

The most widely used pivoting technique is the local 
strategy of Markowitz (195'7). At the kth stage of Gaussian 
elimination, this strategy selects as the pivot the element 

apq , p k, q A k, where p and q minimize [rpik) - 11 
[ c q i k )  - I]. Here, rick) and cj(lC) are the numbers of non- 
zero elements in the last TI - k + 1 positions of the ith 
row and jth column of A(k), respectively. Although not lo- 
cally optimal, in the sense that the fill-in at each stage is 
not minimized, this strategy produces overall results nearly 
as good as and sometimes better than more expensive lo- 
cally optimal strategies. This is the case because minimiz- 
ing fill-in locally does not imply that the total fill-in is 
minimized. 

Techniques that reorder A prior to elimination usually 
involve permuting A to block-triangular form (BTF) or 
bordered block-triangular form (BBTF) . These forms can 
be so factored that fill-in is limited to the diagonal blocks 
of a BTF and to the diagonal blocks and one border of a 
BBTF. 

There is no clear-cut advantage to either of the two 
general approaches to maintaining sparsity. The pivoting 
techniques seem to be better suited to general purpose 
use, since it is not always possible to permute a matrix 
to BTF or to BBTF with small borders. On the other 
hand, when these permutations are possible, as is often 
the case in chemical engineering design problems, savings 
can be appreciable. 

A new sparsity preservation technique, which will be 
called block-triangular splitting, is introduced below. This 
technique involves the use of BTF and BBTF matrices, 
which are now considered in more detail. 

Block-Triangular Form 

i k )  

Let A be in BTF; that is 

All A12 . . . . . A ~ N  
A22 . . . . . A ~ N  

A =  I 
I ANN J 

Page 610 July, 1979 AlChE Journal (Vol. 25, No. 4) 



where Aii is a square matrix of order mi. A matrix that 
can be permuted to BTF is reducible; one that cannot is 
irreducible. For a given reducible matrix, the BTF is 
unique at least in the sense that N and the particular rows 
and columns represented in each block are fixed. There 
are several techniques available for permuting to BTF; 
for general purpose use the algorithm of Tarjan (1972) 
appears to be most effective. 

A system in BTF is readily solved by block-back sub- 
stitution. Thus, in factored form the inverse can be repre- 
sented as A-' = AlA, . . . XN, wherexk = In -I- (zi - 
g)A]ck-l E k T .  Here, Ek and & are n X mk matrices identi- 
cal to the ( 1 + 2;:: mi) th to the ("=, mi) th columns of 
I ,  and A, respectively. Note that since only the diagonal 
blocks of A need be inverted, fill-in is limited to these 
areas. 

Bordered Blotk-Triangular Form 

-- 

If A is irreducile, it can be permuted to BBTF: 

where M is m x m and block triangular, R and S are non- 
zero borders, and T is t x t and may be either zero or 
nonzero. A system in BBTF may be solved by block 
elimination, factoring A as 

A=[%][ F . 1  0 T -  SM-'R 

Since both factors are block triangular, the svstem is now 
readily solved by block substitution, as described above. 
In this process, fill-in occurs in the diagonal blocks of M 
as it is inverted, in R and T as they are replaced with 
M-lR and T - S M - I R ,  and Fnally in the filled-in T as 
T - SM-lR is solved during block substitution. This pro- 
cedure is described algorithmically by Tewarson ( 1973) 
for the case in which M is blo-k upper triangular. It may 
also be regaided as an application to BBTF of GeorEe's 
(1974) so-called F2 factorization, It should be noted that 
if M is simply triangular, this solution procedure is equiv- 
alent to ordinary Gaussian elimination, using the diagonal 
elements of M as pivots in the usual order if M is lower 
triangular and in reverse order if M is upper triangular. 

Permuting a matrix to BBTF is often called tearing. 
However, it should be noted that this term has a more 
general significance, tearing to BBTF being only a spe- 
cial case. Because of the fill-in pattern discussed above, 
in tearing a matrix to BBTF it is desirable to minimize 
the number of tears t while keeping the size of the di- 
agonal b!ocks in M small, However, numerical considera- 
tions may dictate the use of a BBTF with larger borders. 

A variety of techniques for tearing to BBTF are sur- 
veyed by Hlavacek (1977) and Duff (1977). Although 
sparsity preservation was not usually a consideration in 
the development of these techniques, most aim to mini- 
mize t and thus produce a BBTF with desirable fill-in 
characteristics. Many of these algorithms, for instance, 
those given by Christensen and Rudd (1969), Barkley 
and Motard (1972), and Kevorkian and Snoek (1973) 
require the a priori assignment of an output set (that is, 
the permutation of A to produce a zero free diagonal). 
Since the minimum number of tears obtained depends on 
the initial choice of output set, to obtain an absolute mini- 
mum would require looking at all output sets, the number 
of which may be quite large. Furthermore, in the BBTF 
with the absolute minimum of tears, T may have one or 
more rows or columns with no nonzero elements. Such a 
BBTF could not be found if output set assignment is re- 

quired. Thus, these techniques are useful primarily when 
an output set is fixed by other considerations. For in- 
stance, in modular chemical process simulators, the out- 
put set is determined by the nature of the modules. Also, 
the output set may be fixed by numerical considerations 
(Kevorkian and Snoek, 1973; Westerberg and Edie, 
1 9 7 1 ~ ) .  

If the absolute minimum number of tears is desired, 
techniques such as those given by Christensen (197_0), 
Westerberg and Edie (1971b), and Stadtherr et al. 
(1974), which lead directly to the absolute minimum, 
are more useful. with few exceptions, the algorithms using 
these techniques are capable only of tearing to bordered 
triangular form. Using Stadtherr's algorithm, a BBTF with 
small ( 2  x 2 or 3 x 3) blocks on the diagonal of M can 
be e5ciently produced, Also, this algorithm is capable of 
disallowing certain elements as candidates for the diagonal 
of M .  This feature is useful in preventing the selection of 
a BBTF with poor numerical characteristics. 

I t  has been suggested (Duff, 1977) that a system in 
BBTF could be solved by first splitting the coefficient 
matrix into the sum of a block-triangular matrix and a 
matrix of low rank and then applying Householder's 
formula for the inverse of such a sum. The obvious split- 
ting is to let the low rank matrix simply comprise one of 
the borders; for instance, A = A' + Et[SlO] where Et is 
an n x t matrix identical to the last t columns of In and 

Applying Householder's formula now requires the inver- 
sion of A'. However, since one or more rows or columns 
of T may contain no nonzeros, inverting A' may not be 
possible, Thus, this simple splitting is not a practical tech- 
nique for solving systems in bBTF. 

We now describe block-triangular splitting, a technique 
that splits a matrix in BBTF in such a way that the afore- 
mentioned difficulty is avoided. Moreover, a system so 
split can be readily solved without resorting to House- 
holder's formula. Using this technique, fill-in can be lim- 
ited to the diagonal blocks of A, thus eliminating the 
off -block diagonal fill-in inherent in conventional methods, 

BLOCK-TRIANGULAR SPLITTING 

Consider the n x n bordered block-triangular system 

(1) 
Ax=[+]x=[:]=b M R  

S T  

where c is m x 1, and d is t x 1. The goal is to reduce 
A to BTF so it can be solved by back substitution. This 
can be done by subtracting from both sides of Equation 
(1)  the column vector L~[SISM-'R]X. Thus we have 
( A  - E t [ S j S M - l R ) ) x  = b - Et[SJSM-lR]x. The right- 
hand side can be rearranged by nocing that from Equation 
(l),  [ M I R j x  = c, from whiLh it follows [SISM-'R]x = 
Sh1- l~ .  'Thus, the original system has been reduced to 
the block-triangular system A"x = b", where. 

and 

1 C 
b" = [ 

d - SM-'C 

This amounts to splitting A into the sum of a block- 
triangular matrix A" and a matrix of low rank 
Et[SISM-lR]; that is, A = A" + Et[SISM-'R]. We call 
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this process block-triangular splitting (BTS). Note that in 
performing BTS, fill-in occurs only in the diagonal blocks 
of M as it is inverted and in T as it is replaced with T - 
SM-IR .  This may also be viewed in terms of implicit 
back solution (George, 1974). The solution is now readily 
obtained by computing b' and inverting A". Since M has 
already been inverted, only T - S M - I R  must be inverted 
to invert A". Thus, the overall fill-in is limited to the di- 
agonal blocks of A. We now discuss the implementation of 
BTS and show that in addition to being efficient in terms 
of fill-in, it is also efficient in terms of number of computa- 
tions required. 

Implementation 
Consider first the computation of W = M-IR.  This is 

equivalent to solving the systems Mwi = ri, i = 1, 2, 
. . ., t, where wi and ri are identical to the ith columns of 
W and R, respectively. Except for the fact that M is block 
triangular and presumably sparse, this would, in most 
cases, require a prohibitively large number of computa- 
tions. 

Since we must solve the same system for a number of 
right-hand sides, it is convenient to lirst obtain the EFI of 
M. For the simple case in which M is triangular, this re- 
quires ]MI operations, where /MI denotes the number of 
nonzero elements in M. Computing wi requires lrif opera- 
tions to divide the elements of ri by the appropriate pivots, 
and for triangular M, at most I M ]  - m operations to per- 
form the back substitution. (As is customary, in counting 
operations we include only multiplications and divisions.) 
We emphasize at most since in many cases not all the 
elements of wi need be calculated. This is the case when 
there are trailing zeros in ri. For instance, if the last k 
elements of ri are zero, then the last k elements of wi can 
immediately be set to zero without calculation. Thus, 
computation of W requires at most JRf  + /MI + t (  IMf - 
m )  operations. Similar considerations apply to the cal- 
culation of M-k. 

Next consider the computation of SW. This requires at 
most t lSl  operations. Even fewer operations mav be re- 
quired if there are trailing zeros in the ri and thus in the 
wi. In fact, if the number of trailing zeros in one of the 
wi plus the number of leading zeros in one of the rows of 
S is greater than or equal to m, the corresponding element 
of SW can immediately be set to zero without calcula- 
tion. Similar considerations apply in computing SM-lc. 

At this point, the block-triangular system A"x = b* 
can be formed without additional multiplicative operations 
and is readily solved by back substitution. 

The computational efficiency of this technique is evi- 
dent in the fact that as long as t is small relative to n, 
there will be no O(n2)  or O ( n 3 )  computational processes 
required. This is the case, since for a sparse matrix, IM1, 
lRI, and /S f  will all be O(n). The operation counts on 
which this comment is based were made for triangular M. 
However, the conclusion is the same for block-triangular 
M, provided the diagonal blocks are relatively small. This 
discussion is culminated in the following algorithm. 

Algorithm 
1. Compute the EFT of A4. 
2. Let i = 1. 
3. Compute wi = M--lri. 
4. Compute Swj and ti - SwI, where ti is the ith column 

5. If i = t, proceed to step 6; if not, increase i by one 

6. Compute M-lc, SM-lc, and d - SM-Ic. 
7. Solve A"x = b' by block back substitution. 

of T. 

and return to step 3. 
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Note that by computing W, SW, and T - SW a column 
at a time, we economize temporary storage requirements, 
since the entire W need not be stored. 

RANK-ONE BTS 

A system in BBTF may also be solved by performing a 
series of t rank-one splittings rather than the single rank-t 
splitting described above. Rank-one BTS provides further 
reduction in fill-in but usually at the expense of some in- 
crease in operation count. 

Consider the bordered block-triangular system 

where M1 is m X m, T1 is t X t, c1 is m X 1, and dl is 
t x 1. Again, the goal is to reduce the system to BTF. 
As a first step, we eliminate the nonzero elements of the 
first row of S1. This is done by subtracting from both 
sides of Equation (1) the vector e m + l V I T X ,  where vlT = 

and  ST^,^ is a row vector identical to 
the first row of S1. Thus we have (A1 - em+lvlT)x = bl - 
em+ lvlTx. Rearranging the right-hand side as before, we 
obtain the new system Azx = bz, where Az = A1 - 
e,+1vIT and b2 = bl - %+lsT1,lM1-lcl. 

Note that Az is identical to A1 except in the (m + l)th 
row, whose first m elements are now zero. Thus, Az is in 
BBTF but with the order of the block-triangular part in- 
creased by one; that is 

where Mz is ( m +  1) x ( m  + l),  T2 is ( t  - 1) x 
( t  - l) ,  c2 is ( m  + 1) x 1, and dz is ( t  - 1) x 1. Also 
note that fill-in can occur only in the diagonal blocks of 
M1 as it is inverted and in the first row of T1 as we sub- 
tract s ~ ~ , ~  M1 -lR1. 

Since A2 is in BBTF, we can now proceed as above, 
eliminating the nonzero entries in the first row of Sz. This 
step produces the system A ~ x  = b3, where A3 = Az - 
em+zvzT and b3 = b2 - ~ , + Z S ~ Z , I M Z - ~ C Z .  Here, vzT = 
[ s T ~ , ~ I ~ T ~ , 1 M 2 - 1 R ~ ] ,  and s ~ ~ , ~  is a row vector identical to 
the first row of Sz. A3 is in BBTF with M3 of order m + 2. 
Additional fill-in can occur only in the first row of Tz. 
Note that M2-l is readily obtained, since the first m col- 
umns of Mz contain the same elements as M1, which has 
already been inverted, 

Finally, after t such steps we arrive at the block 
triangular system At+lx = bt+l,  where At+1 = At - 
em+tvtT = A1 - Sti=l em+iViT and bt+l  = bl - 
Zti=l e,+isTi,lMi-lc. This amounts to splitting Al into 
the sum of a block-triangular matrix At+l and t rank-one 
matrices e,+mT, i = 1, . . . . , t .  

Note that in rank-one BTS the fill-in in T is limited to 
the area on and above the diagonal, while in rank-t BTS 
the entire T is subject to fill-in. Usually, however, this 
reduction in fill-in is obtained at the expense of an in- 
crease in operation count, as discussed below. 

Rank-one BTS may be implemented in much the same 
fashion as rank-t BTS. From the standpoint of computa- 
tional efficiency, the major difference is the number of w 
vectors that must be computed. The first step requires 
computing the m x t matrix W1 = kfl-lR1, the second 
step the ( m  + 1 )  x ( t  - 1) matrix W2 = M2-lR2, etc. 
Thus a total of Sti=l i = t ( t  + 1)/2 columns must be 
computed. On the other hand, rank-t BTS requires the 
computation of only t such vectors. 
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Fig. 1. Occurrence matrix for triple-effect evaporator example discussed in text. Equations and variables are numbered as in Ledct 
and Himmelblau (1970). 

This increase may be balanced, partially at least, by a 
decrease in the number of elements of the Wi that need 
actudly be calculated. As noted above, trailing zeros in 
the columns of R, mean that the corresponding elements 
of W, can be set immediately to zero and require no cal- 
culation. However, in r id-one  BTS the presence of lead- 
ing zeros in sTi,l also affects the calculation of Wi. For in- 
stance, if the first k elements of sTi,1 are zero, then the 
first k rows of W, need not be calculated, since Wi is 
needed only to compute sT,,,WL, and in doing so the ele- 
ments in the first k rows of Wi will just be multiplied by 
zero. In fact, if the number of leading zeros in sTi,l plus 
the number of trailing zeros in one of the columns of R; 

3. Let1 = 1. 
4. Compute wi,j = ML-%;,j, where wi,j and ri,j are the 

jth columns of Wi and Ri, respectively. Do not compute 
the first k elements of ~ j , ~ ,  where k is the number of lead- 
ing zeros in ~ ~ i , ~ .  

5. Compute STi,lWt,j and elTTiej - sTi,lWi,j. 
6. If j = t - i -+ 1, proceed to step 7; if not, increase 

7 .  Compute Mi-lci, sTi,lMi-'Cir and elTdi - sTi,lMi-lCt. 
j by one and return to step 4. 

8. If i = t, proceed to step 9; if not, increase i by one 

9. Solve At+  1x = bt+ 1 by back substitution. 
and return to step 2. 

" 
is greater than or equal to 771 + i - 1, then the correspond- 
ing column of Wi,need not be calculated at all. 

Algorithm 

EXAMPLE 

To demonstrate the savings in fill-in and number of 
computations that can be realized using BTS, we present 
a simple example. Consider the bordered block-triangular 
system given as an occurrence matrix in Figure 1. This 
system arises in the design of a triple-effect evaporator, 
as discussed by Ledet and Himmelblau (1970) and later 

To perform rank-one BTS: 
1. Let i = 1. 
2. Compute the EFI of Mi. 
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by Stadtherr and Scriven (1974). The particular BBTF 
used here was obtained using an algorithm designed to 
increase the likelihood of trailing zeros in the columns of 
R and leading zeros in the rows of S, which, as discussed 
above, enhance the computational efficiency of BTS. This 
algorithm will be described elsewhere. Applying Gaussian 
elimination to compute the EFI of A for this system re- 
quires 207 operations and causes thirty-six fill-ins. For a 
full b, computing x from this EFI then requires 113 
operations. These figures are obtained using the order- 
ing shown in Figure 1. If the ordering obtained using 
the Markowitz criterion is used, one can compute the 
EFI in 193 operations with thirty-one fill-ins and x for 
a full b in 108 operations. 

Applying rank-t BTS, the EFI of A* can be computed 
in 172 operations while causing only seven fill-ins. For a 
full b, computing b" and then x from the EFI of A" re- 
quires 110 operations. Thus, in this case, by using rank-t 
BTS we obtain a drastic reduction in fill-in and a modest 
savings in operation count. It should be pointed out that 
whether there will be any reduction in number of opera- 
tions is system dependent, though in any case rank-t BTS 
can be regarded computationally efficient as long as t 
is relatively small. For virtually all systems in BBTF, 
however, a dramatic reduction in fill-in can be obtained. 

Applying rank-one BTS, the EFI of At+l  can be ob- 
tained in 223 operations while causing just four fill-ins. 
For a full b, to compute b t + l  and then x from the EFI of 
A t t l  requires 162 operations. Thus, a nearly 90% reduc- 
tion in fill-in is obtained but at the expense of an increase 
in operation count. These results suggest that at installa- 
tions where storage is at a premium, rank-one BTS may 
be preferred, while in other situations rank-t BTS may 
be the choice, 

CONCLUDING REMARKS 

Instead of using a single rank-t splitting or a series of 
t rank-one splittings, as described above, one can also 
use a series of splittings of other rank. For example, a 
system with t = 5 might be solved by using a rank-three 
splitting followed by a rank-two splitting, or by two rank- 
two splittings and a rank-one splitting. This permits a re- 
duction in fill-in compared to rank-t BTS and an increase 
in computational efficiency compared to rank-one BTS. 
For instance, in the triple-effect evaporator example given 
above, the system may be solved by a iank-two splitting 
followed by a rank-one splitting. The EFI of the block- 
trianguiar matrix so obtained can be calculated in 185 
operations with five fill-ins, and for a full right-hand side 
the solution can be obtained from this EFI in 140 opera- 
tions. 

Compared to elimination performed on a system in 
BBTF, BTS would appear to offer no additional numeri- 
cal difficulties. In both cases it is important to prevent un- 
desirable elements or blocks from becoming pivots in M .  
This can be accomplished at the time the system is tom 
by using a tearing algorithm such as Stadtherr et al.'s 
(1974) which is capable of disallowing certain elements 
or blocks as candidates for the diagonal of M .  However, 
there is no readily apparent means of foreseeing the nu- 
merical properties of T - S M - l R  at the time the system 
is tom. Thus, a difficulty that may arise in solution 
strategies employing matrices in BBTF is that T - S M - l R  
is not well-behaved numerically and is difficult to invert 
with precision. Though serious problems of this nature 
are unlikely, if they occur it may be necessary to retear 
the system to produce a different BBTF. Of course this 
difficulty could be avoided if pivoting techniques rather 
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than a priori permutation to BBTF are used to maintain 
sparsity. 
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[Q] = coefficient matrix 
[a! ! ) ]  = n x n coehcient matrix remaining after 
( k  - 1) th step of Gaussian elimination 
coefficient matrix after ( k  - l ) t h  step of rank-one 
BTS 
factor of matrix in BTF 
block in matrix in BTF 
coefficient matrix after rank-t BTS 
A - Et[s(ol 
right-hand side vector 
right-hand side vector after (k - 
rank-one BTS 
right-hand side vector after rank-t BTS 
upper right-hand side vector 
upper right-hand side vector after (k - l ) t h  
step of rank-one BTS 
number of nonzeros in last n - k + 1 positions 
of ith column of A(k) 
lower right-hand side vector 
lower right-hand side vector after (k  - 1 ) t h  
step of rank-one BTS 
unit vector 
n x t matrix identical to last t columns of I,, 

tl 

step of 

- -  
&, Fk = n x m k  matrices identical to the (1 + 2 k - l  mi)th 

to the (Z!= ,  rni)th columns of I, and A, respec- 
tively 

I ,  = n x nidentitymatrix 
I = identitymatrix 
L 
L k  = factor of L 
l k  = k t h  column of L 
m 

M 
M k  

n = order of A 
N = number of diagonal blocks in BTF 
P, Q = permutation matrices 
R = upper-right border in BBTF 
Rk = upper-right border in BBTF after ( k  - 1) th step 

of rank-one BTS 
rk = kth column of R 
rk,j = ith column of R k  

r j k  = number of nonzeros in last n - k + 1 positions 
of jth row of A(k) 

S = lower left border in BBTF 
S k  = lower left border in BBTF after (k - l)th step 

of rank-one BTS 
sTk,l = first row of Sr 
t = order of T and TI 
T = lower right border in BBTF 
T k  = lower right border in BBTF after ( k  - 1) th step 

of rank-one BTS 
t k  = kth column of T 
U = upper triangular factor of A 
U k  = factor of U 
u k  = kthcolumnof U 

1=1 

= [Zij] = lower triangular factor of A 

= order of M and M i  

= UTF part of BBTF 
= BTF part of BBTF after ( k  - l)th step of rank- 

'?Ilk = order Of Akk 

one BTF 

V k T  = [ s T k , 1 / S T k , l M k - ' R k ]  
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W = M - I R  

wk = kth column of w 
wk,j = jth column of wk 
x = unknownvector 

Superscript 
T = transpose (row vector) 

wk = Mk-’Rk 
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Characteristics of Macromolecular Gel Layer 
Formed on Ultrafiltration Tubular Membrane 

Characteristics of the gel layer were investigated by direct measurement 
of its concentration treating polyvinylalcohol and ovalbumin aqueous solu- 
tions, using cellulose acetate tubular ultrafiltration membranes. The con- 
centration of the gel layer was not constant but a function of bulk concen- 
tration and feed velocity. The mass transfer coefficient obtained agreed with 
Deissler correlation. There was a definite correlation between the resistance 
of the gel layer and its concentration. 

SCOPE 

Ultrafiltration is now not only a laboratory curiosity, 
but it is also an important industrial process. The recent 
development of many asymmetric high flux membranes has 
made practical applications possible in a large number of 
fields. Porter and Michaels (1971a, b, c, d, 1972) have re- 
viewed the applications of ultrafiltration in the areas of 
concentration, recovery, and so on. In  the field of waste- 
water treatment, many applications of ultrafiltration have 
been reported. 

The development of high flux membranes, however, 
has brought with it the problem of a gel layer formation of 
macromolecules on the membrane surface. This layer has 
such a large permeation resistance that the product flux 
decreases considerably. 

Ultrafiltration fluxes have been treated theoretically US- 
ing the gel polarization model, which deals with the 
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boundary layer between the bulk solution and the gel layer 
on a membrane surface. But there are two questionable 
points in this model. One is the assumption that the con- 
centration of the gel layer (C,) is constant. If C, is, in fact 
the gelling concentration, it should change only with the 
kind of materials used, not with the types of apparatus or 
modules, or with the experimental conditions. But there 
have been no experimental results to support this assump- 
tion, and the value of C, has never been measured di- 
rectly by the previous experiments. The assumption that 
C, is constant is quite doubtful and needs experimental 
verification. 

The other problem has to do with the mass transfer CO- 

efficient (k). The gel polarization model itself does not 
specify what k should be used. It is not certain whether 
the usual k can be applied to ultrafiltration, where the 
Schmidt number is very large. Moreover, k of macro- 
molecules is considered to change with the bulk concen- 
tration when the viscosity and diffusivity also change. 
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